Abstract-A method of modifying existing grid-connected inverter models for use in droop-controlled microgrids is presented. The modification involves combination with a model of a gridforming inverter to accurately represent the coupling between complex power, bus voltage, and frequency. The combination is performed after the individual models are linearized, adding little in terms of computational complexity. The method is applicable to any three-phase inverter operating in a grid-supporting capacity and is scalable for any number of parallel inverters at the same point of connection. To examine the modification process and its effect on model performance, a generic grid-tied inverter model is derived and used as a test case. The newly derived model is modified according to the proposed method. The validity of this process is assessed through comparisons of model predictions-both from before and after modification-to results of hardware experiments. A simple design example is given to demonstrate the application of this process in the design of inverters in distributed-generationbased microgrids.
A Model Modification Process for Grid-Connected
Inverters Used in Islanded Microgrids
I. INTRODUCTION

I
N RECENT years, a diverse array of control strategies for interfacing distributed generation sources have been proposed. Among these solutions is the microgrid concept, which itself has a wide variety of manifestations. One of the distinguishing characteristics of all microgrids, though, is their ability to operate in islanded mode, or disconnected from the main grid [1] , [2] . While this defining characteristic makes the microgrid an attractive approach for systems of distributed sources, it also presents significant challenges to system control and stability. Perhaps the most obstructive of these challenges are those that involve distributed and coordinated actions, such as black-start operation or procedures for grid desynchronization and resynchronization, because they require accurate knowledge of the state of the system as a whole [3] , [4] . Additionally, because many distributed sources are interfaced through power-electronic converters, the low inertia and fast dynamics allow little room for predictive error. These challenges motivate the study of mi- crogrids consisting of distributed generation sources and the development of accurate dynamic models of their behavior. A typical microgrid control strategy for islanded operation is the P/f, Q/V droop control method [5] , [6] . In this scheme, autonomously operating inverters regulate the grid frequency and bus voltage based on the active and reactive power requirements of the system load. These grid-forming generation units share power and follow the load requirements, provided they are within the bounds of output power limitations. In a system consisting of renewable energy resources such as wind or photovoltaics (PV), this load-following operation necessitates some amount of energy storage to decouple the system from the intermittency of the generation sources. Energy storage allows the needs of the loads to be satisfied independently from the operating point requirements of the source. The source is then free to vary its operating point according to some other directives. For example, energy storage allows a PV source to operate according to the commands of a maximum power point tracker (MPPT) regardless of the demands of the load, significantly increasing the source's efficiency. However, due to the prohibitive cost of energy storage, particularly for distributed systems of low power sources, it is unlikely that all sources within the system will have this energy buffering capability. It is far more likely, and indeed necessary, that some generating units within the system will not follow the requirements of the load. Continuing the PV source example, so long as one source is regulating the frequency and voltage of the system, other PV sources may follow the commands of their own MPPT. More generally, a microgrid may consist of one or more droop-controlled grid-forming units and any number of grid-supporting units, or generating units that operate according to some externally generated commands [1] , [7] .
In [8] , the term grid supporting is used to refer to inverters that help regulate the voltage and frequency at their local bus but do not operate in grid-forming operation. The classification is further subdivided according to whether the inverter acts as a controlled current source or as a controlled voltage source. For the purposes of this study, grid supporting refers to any inverter in a microgrid that requires an externally generated ac voltage source and cannot function in standalone operation. In the classification scheme of [8] , this includes grid-feeding inverters and grid-supporting inverters that act as controlled current sources. Since the objective of this study is the modification of inverter models originally derived with the assumption of fixed voltage and frequency, the subclass of grid-supporting inverters that act as controlled voltage sources are necessarily excluded.
Grid-supporting inverters fill a variety of roles in a microgrid. The simplest example is the PV source operating according to the commands of its MPPT. More broadly, grid-supporting inverters may include volt-VAR compensators or active power filters, which operate with the objective of improving power quality [9] , [10] . The most general of grid-supporting inverters is able to source or sink active or reactive power at an arbitrary power factor according to commands provided by some external controller. This general variant may act as an agent of some higher level of the controller, often referred to as the microgrid central controller (MGCC) [11] , [12] . The MGCC is responsible for coordinating the distributed functions such as black-start and synchronization, but acts through commands sent to grid-supporting inverters. The efficacy of the MGCC's actions is heavily dependent on the dynamic behavior of the grid-supporting inverters, and it is, therefore, necessary to establish accurate models of their behavior for successful design and implementation of microgrid systems.
Inverters in stiff grids and grid-supporting units in microgrids are conceptually the same. The differences between the two result from the microgrid's highly variable frequency and voltage. Changes in the output power of the inverter will affect frequency and voltage as a consequence of the droop control strategy [13] , while the same power changes will have no effect on a stiff grid. Accurate models of inverters connected to stiff grids and their various control systems are well-known and established in the literature [14] - [17] . Despite these models' accuracies for inverters in stiff grids, they are not able to represent dynamic behavior of the same inverter operating in a microgrid because of the coupling between complex power, bus voltage, and frequency. To represent this coupling effect, the droop equations themselves must be modeled. Linearized models of inverters operating in droop control have been proposed and validated [18] - [20] , all of which accomplish some form of this representation. To achieve an accurate representation of the dynamics of the grid-supporting inverter, a model that encompasses both the grid-supporting inverter itself and the grid-forming unit governing the frequency and voltage at its local bus is needed. While this sort of model could be derived outright by applying the same techniques as used in the derivations of the previously mentioned models, the resulting system of equations would not be generalizable to grid-supporting inverters with different functions. Instead, this study proposes a method of manipulating existing inverter models in such a way that the coupling between complex power, bus voltage, and frequency is accurately represented. This allows the functionality of existing inverter models to be extended to microgrid contexts for the purposes of system design and analysis.
The model modification process outlined in this study fits within the greater task of building scalable models of islanded microgrids. In [20] , a procedure for developing a model of a microgrid consisting of multiple grid-forming units is discussed. The system models resulting from this process are simplified through model order reduction in [21] , and the reduced order models are shown to be an efficient and accurate means of simulating the system-level responses to changing grid and load conditions. However, the scalability of these models is limited by the linearization process, which requires the calculation of an equilibrium point for the full set of nonlinear equations that describe the microgrid system. Including grid-supporting inverters in these nonlinear equations is straightforward, but increases the complexity of the linearization step. Because of this increase in computational cost, it is desirable that the individual grid-supporting inverters in the system be fully designed beforehand to prevent repeated linearizations. The modeling process in this study provides an efficient means of accomplishing this preliminary design. The key advantage of this approach is that the grid-supporting inverter models are linearized independently before being included in the model of the microgrid system. By treating the grid-supporting inverters separately, parameter changes during the design process will not require new system-level equilibrium solutions to be found. This allows the dynamic responses of grid-supporting inverters to be tuned individually. The cost of linearizing the models separately is that a consistent steady-state operating point for the full system cannot be determined. However, once the grid-supporting inverters have been designed appropriately, they may be included in a full microgrid model such as that given in [21] for the purposes of system-level analysis.
The structure of this study is as follows. First, a small-signal model is derived for a grid-tied inverter capable of sourcing active and reactive power at an arbitrary power factor. This model is intended to be similar in form and function to existing inverter models and is derived using established methods. Next, a model of a droop-controlled inverter is briefly described and the process of combining these two models is introduced. The results from a set of hardware experiments are then discussed, and it is shown that the original grid-tied model is accurate for an inverter connected to a stiff grid but performs poorly for an inverter in a microgrid. The proposed model combination process is shown to result in a new model that is able to accurately describe the microgrid system dynamics.
II. DERIVATION OF GENERIC GRID-CONNECTED MODEL
Accurate models of grid-tied inverters are readily available in the existing literature. In order to apply these (and any similarly derived models) to microgrid analysis and design, it is necessary to remove the assumption of a grid with fixed voltage and frequency. As a demonstration of the mechanics of this process, a generic grid-tied inverter model is briefly introduced in this section. This model will be used as a test case for the model modification process, which is more broadly applicable to all inverter models of similar structure. While inverters in application are developed around a set of objectives specific to their desired function, the design objective for this inverter is generality. As a result, the hardware topology and control system used are not the most optimal for any specific functional purpose, but rather are those most commonly found in an inverter literature. Each constituent part of the inverter system represents an avenue for further research and optimization.
A. Grid-Connected Inverter Model
The generic inverter and control system is shown in Fig. 1 , connected to a fixed grid. The topology is a three-phase voltage source inverter typical of those used to interface distributed generation sources. An LCL filter is used to connect the inverter to the grid. Physical values of filter current, capacitor voltage, and output current are sensed and used by the control system, which consists of three loops acting in a synchronously rotating reference frame. A phase-locked loop (PLL) provides phase and frequency references for the synchronous reference frame transformation. The remaining two loops are the inner loop, which controls the inverter filter current, and the outer loop, which controls the active and reactive power output (P and Q, respectively) and provides current references to the inner loop. This structure is similar to those used in [8] , [14] - [16] , [18] , [20] , and [22] - [26] . Where these inverters tend to differ is in the outermost loop, which is typically designed for a specific function. In some cases, this outer loop is omitted entirely, and current references are instead provided by a set of algebraic equations.
The LCL filters are commonly used to connect voltage source inverters to ac grids [14] , [17] , [18] , [20] . The equations used to model the LCL filter arė
These equations include the series resistances of the capacitors and inductors in the filter. To distinguish the inductors, the inverter-side inductor is referred to as the filter inductor, whereas the grid side is referred to as the coupling inductor. The subscripts of their respective labels, L f and L c , reflect this designation. The capacitor's resistance is lumped together with the larger damping resistance R d . The resistance of the coupling inductor may represent that of a discrete component or of an isolating transformer, as in [16] . All magnetics are assumed to be linear. In (3) and (4), v bd and v bq represent the d-and q-axis voltages of the bus to which the inverter is connected.
The current control loop is responsible for ensuring that the sensed filter inductor currents i ld and i lq follow current references i * ld and i * lq , which are provided by the power control loop.
The current control loop also removes the cross-coupling terms inherent in the reference frame transformation. ProportionalIntegral (PI) controllers are used to ensure that the currents follow the provided references. The PI controllers introduce two integrator states, γ d and γ q . The outputs of this control loop are commanded d-axis and q-axis voltages, from which appropriate duty ratios are calculated using space vector modulation (SVM). The current controller equations arė
The gains of these controllers (and all PI controllers discussed in this study) are labeled kp id and ki iq , where p and i indicate proportional or integral gain, respectively, and the subscript denotes the controlled variable. In this study, the averaged switch modeling technique is used to approximate the output of each switching phase leg as a continuous voltage source. This approximation is viable provided that the converter's switching frequency is high compared to the dynamics of the control system. Furthermore, it is assumed that v idq = v * idq , neglecting semiconductor loss. The feed-forward terms in (9) and (10) remove the cross-coupling resulting from the transformation from stationary to synchronous reference frame [27] . Since the objective of these controllers is to control i ld and i lq , only the cross coupling due to L f needs to be considered.
The outer control loop consists of instantaneous power calculations, first-order low-pass filters, and PI controllers. Instantaneous active and reactive power (p and q, respectively) are calculated from the capacitor voltage and coupling inductor current. The low-pass filter, whose cutoff frequency ω c is much lower than the nominal line frequency ω n , is used to provide the average power. The PI controllers ensure that the inverter follows references P * and Q * by providing current commands i * ld and i * lq to the inner control loop. Like the current controllers, these power controllers introduce integrator states φ P and φ Q . The power controller equations are
The PLL conforms to a standard PI structure typical of synchronous-reference-frame-based inverter control systems [8] , [14] - [16] , [18] , [20] , [26] . The d-axis component of the capacitor voltage is regulated to 0 to track the grid frequency, ω g . The phase angle calculated by the PLL, θ PLL , is then used in the reference frame transformation. In this study, the Park Transformation as given in [27] is used. The PI controller of the PLL contains an integrator state, φ PLL . The equations pertaining to the PLL arė
B. Reference Frame Transformation and System Model
In modeling the inverter, it is necessary to represent the difference between the actual grid phase angle and the reference angle calculated by the PLL. This difference in angles, δ, is calculated according to (22) . Angle δ is used in a rotational transformation that translates the d-axis and q-axis quantities from the global reference frame to the local reference frame, which is set by θ PLL . The rotation transformation used is commonly applied to modeling inverters and synchronous machines [18] , [28] , [29] . The transformation is
where the subscript and superscript denote a transformation from global reference frame to local reference frame. In the case of a grid-tied inverter model, the global reference frame is set by the angle of the grid. In microgrids, the global reference frame may be defined by any of the grid-forming units in the system. In either situation, the modeling equations are only valid when all terms are in the same reference frame. Equations (3) and (4) 
where x and u are vectors of system states and inputs, respectively, and F is a vector of (1)- (8), (13)- (16), (19) , and (22) . Inputs P * and Q * are provided externally while inputs v B D , v B Q , and ω g are fixed, set by the grid itself. For the grid-tied system, setting these constant values as inputs is unnecessary, but this will later allow the necessary modification for use in microgrid applications. Note that the bus voltage inputs are in global reference frame, and that the model is responsible for transforming these voltages into its own local reference frame. Selecting appropriate inputs and constants, the model can be linearized by calculating the steady-state values and perturbing the system around this steady-state operating point. This is done by taking the Taylor series expansion of the system equations, ignoring higher order terms. The resulting small-signal model is in the traditional state-space forṁ
This model is an accurate representation of the inverter system connected to a stiff grid and is, in that capacity, a useful design and analysis tool.
III. MODEL MODIFICATION PROCEDURE
In order for the previously described grid-connected inverter model to accurately represent a similarly structured gridsupporting inverter in a droop-controlled microgrid, the model itself must reflect the coupling between complex power, bus voltage, and frequency. Changes in the grid-supporting inverter's output power will elicit variations in frequency and bus voltage due to the droop control rules instituted by the grid-forming inverters of the system. These variations are governed by the algebraic droop control equations and the dynamics of the gridforming inverters' controllers. As a first step in introducing a representation of the mechanics behind these variations into the grid-supporting inverter model, a small-signal model of a grid-forming inverter must be explored.
A. Grid-Forming Inverter Model
An accurate small-signal model of a grid-forming inverter is given in [20] . This model includes the traditional droop control equations where m and n are the droop constants. The control system of the grid-forming inverter is identical to the grid-connected inverter in all areas except for the outer control loop; the gridforming control system is autonomous and requires no external references. Instead, PI controllers ensure that the voltage and frequency of the system follow references calculated using the droop equations. These PI controllers contain integrator states φ d and φ q . Because the frequency and voltage references of this system are set by the total output power, the model must contain some way of representing the power contribution of the inverter in the context of the system as a whole. The inverter's local bus voltage is calculated through the virtual resistor method [18] , [20] , allowing the currents flowing to the loads and the rest of the microgrid system to be modeled. This is shown in Fig. 2 . Considering only the contribution of the grid-forming inverter, the bus voltage equations are
where r n is the virtual resistance, and i frm O D and i frm O Q are the output currents of the grid-forming inverter. Superscript frm is used to distinguish these currents from those of the gridsupporting inverter, which are similarly named. All quantities in (32) and (33) are in the global reference frame. By setting this resistance to a large value, the sums of currents are driven close to zero, which approximates Kirchhoff's current law and retains all of the voltage and current variables needed in the model. The effect of the virtual resistor on the model's dynamics is negligible. As shown in [20] , the virtual resistor contributes to a pair of eigenvalues located much further into the left-half plane than any other system eigenvalues. For a value of r n = 10 4 Ω, the negative real component of these eigenvalues is four orders of magnitude greater than the next fastest group. In the same way that power flowing to and from the rest of the microgrid is represented by the currents at this point of connection, the currents flowing to and from other inverters connected at this bus may be included as
where i d, ext and i q, ext are the sum of currents from any gridsupporting inverters connected to the bus. Fig. 2 shows the currents involved in these equations for the case of a single grid-supporting inverter. In this case, currents i d, ext and i q, ext are equal to the output currents of the grid-supporting inverter referred to the global reference frame. These equations allow the model to be expressed as a set of nonlinear functions of state variables x frm and input vector u frm , consisting of the newly added external currents i d, ext and i q, ext . Again subscript frm is used to indicate that these vectors pertain to the grid-forming inverter. This nonlinear model may be linearized in the same way as the grid-connected inverter model. During linearization, the inputs are set to 0, such that the entirety of the load is supplied by the grid-forming inverter. Since the quantities relevant to the grid variations are frequency and bus voltages, these are selected as model outputs. The rotation transformation in (23) is applied to refer these quantities to the global reference frame. The resulting small-signal model iṡ
Returning to the grid-connected model, the currents i O D and i O Q may be chosen as system outputs. As mentioned previously, these quantities are the output currents referred to the global reference frame. The full model is expressed aṡ
For clarity, subscripts sup in the aforementioned equations indicate that this model describes the grid-supporting unit, though the equations themselves are the same as in (27) .
B. Combination of Inverter Models
The grid-supporting and grid-forming models separately describe the inverters shown in Fig. 2 . The models are derived and linearized separately, but can be combined at this stage to form a model capable of accurately predicting the dynamics of the grid-supporting inverter in a way that the original model could not. For this new model, the assumption of fixed grid voltage and frequency has been replaced with an accurate description of the variations in these parameters as a response to changes in commanded inputs P * and Q * . The grid-supporting unit's smallsignal inputsṽ B D ,ṽ B Q , andω g are supplied by the outputs of the grid-forming unit. In the same way, the inputs to the gridforming unit,ĩ d, ext andĩ q, ext are supplied by the outputs of the grid-supporting unit. This allows bus voltage and frequency to be calculated as linear combinations of states, rather than as inputs. The remaining inputs are the exogenous command inputs. The combination is accomplished using matrix operations
Equation (45) is the final model of the two inverters. This process of combination results in a new model that is much larger than the original grid-connected model. One may wonder about the practicality of this approach when a very similar model could simply be derived from the representation of the system in Fig. 2 . This is done in [21] , with the objective of forming a full model, and then, reducing the model order to simplify system-level simulations. The advantages of the present method are its efficiency and scalability. Because the two models are linearized before being combined, the linearizations are much simpler in a computational sense. To determine the equilibrium point around which the systems are perturbed, the nonlinear equations must be solved. This is the most resource intensive step of the modeling process. Table I shows the calculation time required to determine the equilibrium solutions for the grid-forming and grid-supporting inverter systems, as well as an equivalent nonlinear system derived without the combination-based approach. The time is shown for three MATLAB differential equation solvers executed on three PCs of different performance calibers. In all cases, the time required is much greater for the combined nonlinear system than for the sum of the times needed for the individual systems. Furthermore, applied changes to the grid-supporting system commonly necessary as part of a design process, e.g., changes to controller gains or physical parameter values, require the equilibrium solution to be recalculated. When combining the models after the linearization step, only the linearization of the grid-supporting unit must be repeated, whereas when the system is derived as a whole, the entire set of equations must be solved again. The second advantage of the combination-based approach is scalability. The inputs to the grid-forming inverter may be defined to include not only the currents from a single gridsupporting inverter, but any number of grid-supporting connected in parallel at the local bus. Moreover, changes made to one grid-supporting inverter require only that a new operating point be found for that inverter, so as the number of inverters in the system increases so too do the benefits of this modeling approach.
Because the scope the combined model is limited to the inverters and loads present at a single point of connection, few assumptions are made on the topology and structure of the microgrid as a whole. The model combination process requires that the microgrid is operating in islanded mode according to P/f and Q/V droop equations. As a result, the model inherits some assumptions made in the derivation of the grid-forming inverter. Specifically, the system is assumed to be stable and balanced, and local loads are assumed to be linear. The structure of the system at the local bus is accounted for in (34) and (35), and any additional loads or parallel grid-supporting inverters may be represented in the d-axis and q-axis currents at this point of connection. Beyond the local bus, a procedure for modeling the interactions between autonomously acting grid-forming inverters is required, such as that given in [20] and [21] . At this level, the microgrid structure must be taken into account.
IV. VALIDATION OF COMBINED MODEL
The objective of this approach to modeling a grid-supporting inverter is to accurately predict the dynamic response of the inverter during changes in the commanded inputs. To demonstrate the accuracy of the full model, its predictions were compared to the results of hardware experiments. The hardware results were gathered from a microgrid testbed consisting of two inverters designed around Infineon BSM30GP60 IGBT modules and controlled by TMS320F28335 DSPs. The experimental setup is shown in Fig. 3 .
The validation tests include step changes to the inputs P * and Q * for both the original grid-connected inverter model and the combined grid-supporting inverter model. The conditions at the start of each test are as follows. For grid-connected inverter tests, a single inverter is synchronized to the grid and regulates power flow of 0 W and 0 VAR. When first activated, the inverter system includes series-connected current limiting resistors, which are then manually bypassed when the inverter reaches steady state. For grid-supporting tests, two inverters are synchronized to the grid in parallel. This is done in the same way as the gridconnected tests. When both inverters reach steady state, the grid is disconnected from the system and one inverter is allowed to transition into grid-forming operation. The inverter still operating according to the grid-supporting control system serves as the inverter under test for the hardware experiment, while the grid-forming inverter autonomously regulates bus voltage and frequency. The nominal grid frequency used was 60 Hz, and the nominal q-axis voltage was 85 V. The inductance of the filter inductors used was 4.2 mH, filter capacitors were 15 μF, and coupling inductors were 0.5 mH. Inverter switching frequencies were 5 kHz.
The response of the grid-connected system to step changes in P * and Q * are shown in Figs. 4 and 5, respectively. The step changes occur at t = 1.5 s. These graphs show P , Q, v od , v oq , and ω PLL . Similarly matching results can be shown for all system states, but have been omitted due to space constraints. These results of these tests are not novel: it is well known that a linearized model is able to describe the dynamics of a gridconnected inverter. The results are presented here to demonstrate the accuracy of the derived grid-connected model in its precombined form. Quantities shown are as recorded by the inverters. Because the frequency is calculated through the PLL, which provides a reference angle used in the calculation of d-axis and q-axis quantities, the transients observed in grid voltage magnitude v oq and frequency ω PLL are related to the PLL's dynamics. Once the initial transient has subsided, ω PLL returns to the original steady-state value, consistent with the assumption of fixed grid frequency, and v oq slightly increases due to the voltage drop across the coupling inductor and its parasitic resistance.
Similar graphs are shown for the grid-supporting system connected to a droop-controlled grid-forming unit in Figs. 6 and 7. The predictions of the model clearly match the response observed in hardware. The frequency, which naturally increases as a result of the P/f droop equation, matches both in its transient response and in its final steady-state value. These results show that the combined model preserves the accuracy of the gridconnected model while also representing the variations in the bus voltage and frequency of the microgrid.
V. APPLICATION
As an example of the practical application of this approach, consider the challenge of tuning the response of an inverter such as the one described in this study for use in an existing microgrid system. To ensure the stability of the system as a whole, the controller gains of the newly connected inverter must be set appropriately. Specifically, the control system must be designed such that it does not contribute to oscillations in bus voltage and frequency. The reasons behind this requirement are illustrated by an eigenvalue analysis of a system of multiple grid-forming inverters, as given in [13] , [20] . The low-frequency modes of the multiple inverter system are shown to be primarily related to the droop controller and current controller states. A participation factor analysis reveals that the controllers' integrator states participate strongly in oscillating modes. Of the low-frequency modes, one relating to the d-axis current controller and P/f droop controller is the least damped, and is consequently labeled a problem mode. In the grid-forming inverter control system, the d-axis current controller provides the commanded d-axis voltage to the SVM. The PLL regulates the measured d-axis voltage of the output filter to 0. In this way, oscillations in the d-axis current controller cause oscillations in the frequency calculated by the PLL. Since the grid-forming unit sets the frequency in the microgrid, the frequency oscillations carry through the system, affecting the impedance of reactive loads. This, in turn, causes variations in the reactive power output, which influences the bus voltage through the Q/V droop controller. In systems of distributed generation sources, which are commonly connected through low-voltage networks in which line impedance can be primarily resistive, additional coupling exists between active and reactive power, further contributing to these potential instabilities [18] . This problem mode represents a strong potential for instabilities in a droop-controlled microgrid, and it is, therefore, critical that the grid-supporting inverter be designed such that it does not decrease the damping ratios of eigenvalues associated with the grid-forming unit's current controllers.
For the purposes of this example, we will assume a requirement that the damping ratios of low-frequency eigenvalues be greater than 30%. This requirement is simply chosen to illustrate the difference in performance resulting from the use of each model. In order to meet the damping requirements, a system designer may choose between two options. The simplest option is to tune the controller gains using the grid-connected model such that the eigenvalues have reached locations in which the requirements are satisfied. However, since the assumption of fixed grid voltage does not hold in a microgrid, the performance predicted by the model is not guaranteed. Alternatively, the combined grid-supporting model could be used to tune the gains. Let gain sets "A" and "B" be the gains resulting from these two methods. In both cases, the outer-loop controller gains are selected based on the desired bandwidth of the full system, and the gains of the inner-loop controllers are gradually increased until the damping ratio requirement has been met.
A comparison of the active and reactive power responses of the inverter for each set of gains is shown in Fig. 8 . In this experiment, commanded values P * and Q * were simultaneously changed. Although the same tuning process was applied to each of the models, the responses are dissimilar. The experimental response using the gains tuned on the grid-connected model (Set A) is underdamped, while the gains tuned on the combined model (Set B) result in an acceptably damped response.
The error in the grid-connected model's predictions is a result of the interactions between the inverter control systems, which are beyond the scope of the individual models. This interactive behavior may have more severe consequences than underdamped responses. Consider another set of gains, Set C, designed using the grid-connected model in the same way as Set A. The low-frequency eigenvalues of the original grid-tied model using gain set C are given in Table II , along with their associated damping ratios. These eigenvalue pairs are listed as T1, T2, and T3. In the same way, the low-frequency eigenvalues of the grid-forming inverter model are found and given as F1 and F2. Table II shows that the damping ratios of these lowfrequency eigenvalues are all greater than 30%, consistent with the design requirements. However, the interactions between the inverters are not represented by these modes. The combined model provides access to this information. The eigenvalues and damping ratios of the combined model are given in the rightmost columns of Table II . Using gain set C, the damping of low-frequency modes has significantly decreased and the system has become unstable. A participation factor analysis of the combined system shows that the unstable mode is participated in heavily by the current controller states of both the grid-forming and grid-supporting inverters, as expected given the characteristic sensitivities of the droop-controlled microgrid system. A P * step response of a grid-supporting inverter using gain set C is shown in Fig. 9 , along with the predictions of the grid-connected and combined grid-supporting models whose eigenvalues are shown in Table II . Due to the known system instability, this response was simulated rather than measured in the hardware testbed. The simulation was carried out in MAT-LAB/Simulink using the PLECS blockset, and was designed to be as accurate as possible, incorporating inverter switching, nonlinearities resulting from switching dead-time, and other nonideal characteristics present in the hardware system. The plots in Fig. 9 show that the instability and oscillatory behavior of the microgrid system is well described by the grid-supporting model, but is totally absent from the predictions of the grid-tied model. This result provides the clearest representation of the shortcomings of inverter models derived with the assumption of fixed grid parameters. Connecting a grid-supporting inverter to an otherwise stable microgrid bus may cause the whole microgrid to become unstable, even if the grid-supporting inverter is "well designed" according to a grid-connected model. The model combination approach outlined in this study provides a representation of the interactions that occur between the inverters without requiring a full rederivation of the system's governing equations.
VI. CONCLUSION
The coupling between complex power, bus voltage, and frequency that occurs in a droop-controlled microgrid is significant enough that new modeling techniques are required to correctly predict the responses of microgrid inverters. In this study, a method of modifying an existing small-signal model for use in microgrid contexts has been proposed. The method of modification involves combining the existing model with an autonomous grid-forming inverter model. The combined model preserves the functionality of the original small-signal model but is also accurate in microgrids, where the bus voltage and frequency vary. The procedure is highly scalable and can be extended to systems of multiple inverters, facilitating a modular process of analysis and design of full islanded microgrids.
